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Abstract. The differential calculus on the quantum Heisenberg group is constructed. The
duality between the quantum Heisenberg group and algebra is proved. It is shown that the
calculus considered can be obtained from 3D calculus©@p(2) by contraction.

1. Introduction

The one-dimensional deformed Heisenberg group and algebra were investigated in [1, 2]. In
this paper, using Woronowicz'’s theory [3], we construct the bicovariant differential calculus
on the deformed one-dimensional Heisenberg group and we describe the structure of its
guantum Lie algebra. Then we prove that our quantum Lie algebra is equivalent to the one-
dimensional deformed Heisenberg algebra. We also show that our calculus can be obtained
by contraction from Woronowicz’s 3D calculus ¢i¥,,(2) in spite of the fact that the latter

is not bicovariant.

2. The differential calculus

The quantum groug (1), is a matrix quantum group la Woronowicz [4]

1 o 8
T:(O 1 8) 1)
0 0 1

where the matrix elements, 8, § generate the algebral and satisfy the following
relations [1]:

[a, B] = ira
[6, Bl =iAs )
[a,6]=0

A being a real parameter.

§ Supported by 0dz University grant no 458.
|| Supported byt 6dz University grant no 505/445.
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The co-product, co-unit and antipode are given by

Al)=1IQa+a®l
AB) =1+ +a®
AB)=1Q64+6§1

S(a) = —«a (3
S(B) =—B +ab
S©B) = —8

e(a) = e(B) = &(8) = 0.

The main ingredient of the Woronowicz theory is the choice of a right ideal ia,k&hich
is invariant under the adjoint action of the group. The adjoint action is defined as follows:

ada) = Y b ® S(a)c @
k

where

(A®I)oA(a)=Zak®bk®ck.
k

One can prove the following:
Theorem 1Let R C kere be the right ideal generated by the following elements; 2,
Ba, B, as, % — 2irB. Then

() R is ad-invariant, adR) C R ® A;

(ii) kere/R is spanned by the following elements; 8, §.

Having established the structure Bf we follow closely the Woronowicz construction.
The basis of the space of the left-invariant 1-forms consists of the following elements:

wy =7r Y ® a) = da
wp=nrtI®p)=df —ads (5)
ws=nr Y ®8) =ds

where the mapping~! is given by
rHa®b)=(a® ) (S®IHAD) a,beA
and the mapping is given by
W(Zak ® bk> = Zak dby,
k k

where) ", a; ® by € A® A is an element such that

Zakbk =0.
k
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The next step is to find the commutation rules between the invariant forms and generators
of A. The detailed calculations result in the following formulae:

[, w,] =0

[6,we] =0

[B, w4] = —ihwg

[, ws] =0

[, 5] =0 (6)
[8, ws] = —irws

[o, 5] =0

[6,ws] =0

[B. wp] = —2irwg.
Then, following Woronowicz’s paper [3], we can construct the right-invariant forms
Na = Wy
ns = ws (7)
ng = wg — Wy + wsat.
This concludes the description of the bimodiilef 1-forms onH (1),. The external algebra

can now be constructed as follows [3]. @2 we define a bimodule homomorphism
such that

T(@®AN =N®sw ®)
for any left-invariantw € T and any right-invariany € I'. Then by definition
1'*®2
N2 - (9)
ker(I — o)

Equations (7)—(9) allow us to calculate the external product of left-invariant 1-forms. The
result reads

W N\ Wy = —Wy N\ g
wp N ws = —ws N\ wg
wg Awg =0 (10)
Wy ANwyg =0
ws Aws =0
Wy N\ Wy = —Ws N\ Wy.
To complete the external calculus, we derive the Cartan—Maurer equations
dw, =0
dws =0 (11)
dwg = —wy A ws.

3. Quantum Lie algebra

In order to obtain the counterpart of the classical Lie algebra, we introduce the counterpart
of the left-invariant vector fields. They are defined by the formula

da = (xo * @)wy + (xp * A)wpg + (x5 * @) ws. (12)
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In order to find the quantum Lie algebra, we apply the external derivative to both sides
of (12). We use & = 0 on the left-hand side and calculate the right-hand side using (11)
and again (12). Nullifying the coefficients in front of basis element$ of, we find the
guantum Lie algebra

[Xa» x8] =0
(x5, xs] =0 (13)
[Xaxs] = xp-

From the Woronowicz theory, it follows that the co-product of the functionaly; =
Xa» Xg» Xs) Can be written in the form

A¢i=2¢j®ﬂi+l®¢i (14)
J

where f;; are the functionals entering in the commutation rules between the left-invariant
forms and elements ofl

wja = Z(f” * a)a),-. (15)

Then, it follows from commutation rules (6) that the co-product for our functionals can be
written in the following form:

AXa = Xa ® fo +1® Xa
Axpg=x8® fp+1® xp (16)
Axs =X ® fs+1® xs.
Using the fact thatAf; = f; ® f; (i = «, B8, 68) [3] and (6) and (15), we can calculate the
functionals f;. After some calculations we obtain
fu= (I = 2idxp)?
fp=1—2irxg (17)
fs = (I — 2iAyp)?.
Now it is easy to see that the substitution

Xxs = Bo
xp = B1 (18)
Xa = B2

reproduces the structure of the Hopf algebra generated by the infinitesimal generators
(obtained by contraction procedure) of the quantum matrix pseudogkbip,, which

was described in [1]. This proves the duality between the quantum Heisenberg group and
algebra.

4. Contraction from SU ,(2)t

We shall show how our calculus can be obtained by contraction from 3D left-covariant
calculus onSU,(2) constructed by Woronowicz ([5]). Th8U,(2) quantum group is a
matrix quantum group

x=(0 ) (19)

1 The content of this section was suggested by one of the referees. We are grateful for his remarks.
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wherep is a deformation parameter while the generators obey the following algebraic rules
oo +pfp=1
oo + ulpp* =1
pp* = p*p (20)
upo =ap
upto =op*.
The above rules can be solved by putting
o=¢ét (21)
and imposing
2+ pfp=1
€p = upe? (22)
=1 o* = @.
From SU,(2) we can obtain by contraction the Heisenberg group. To this end we define
new variablesy, 8, § by
St . O—la
“ vk " T vk

1 ad 2
(P=Rz<ﬂ—2) M=eA/R

and putR — oo. It is easy to check that as a result the Heisenberg group emerges.
Let us consider the 3D calculus dU,(2) described in [5]. The left-invariant forms
wg, w1 andw, are defined as follows:

0
(23)

wo = p*do* — puo*dp*
wy=0c%do + p*dp (24)
wr = pdo — putodp.

It is straightforward to check that

M Reon — ide —ds

R—o00 @0 = ﬁ

lim R, = ida +ds (25)
R—o00 ﬁ

Rlim R?w1 = i(dB — o d8).

Moreover, under this limit the whole structure described in [5] is transformed into the
formulae given in section 2.

Although the above reasoning shows that our calculus results from the contraction of
the Woronowicz one it seems to be interesting to find also our ieé&heorem 1) from
that of Woronowicz. The latter is generated by the following six elements:

p? p*? pp*

(c—Dp (o —Dp* (26)
o + o — L+ udI.

First, by taking the limitR — oo of R2(p?, p*2, pp*) we infer thate?, §2 andas belong
to R.
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Let us further note that has the following expansion

i ad 8%+ a? 1
o=It e (’3 2 ) 4Rz T <R4) (27)

From (27) we conclude by taking the limits lim ., R3(c —I)p, limg_, o, R3(c — I)p* and
skipping terms which are already known to belongRothat o € R, 5 € R. Finally,
let us note that, due tpp* € R,

o =€v/1— pp* %ei“’. (28)

We can now use (28) and expand the last generator (26) up to the otEértd find that

B2 — 2iAB € R (again neglecting terms which have already been shown to beloRy.to
Let us note that the similar contraction procedure can be applied tocélrulus on

SU,(2) [6] in order to obtain a bicovariant calculus on deform&®) described in [7].
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